Blind deconvolution of depth-of-field limited full-field lidar data by determination of focal parameters by Godbaz, John Peter et al.
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:H SUHVHQW D QHZ WZRVWDJH PHWKRG IRU SDUDPHWULF VSDWLDOO\ YDULDQW EOLQG GHFRQYROXWLRQ RI IXOOILHOG $PSOLWXGH 0RGXODWHG
&RQWLQXRXV :DYH OLGDU LPDJH SDLUV WDNHQ DW GLIIHUHQW DSHUWXUH VHWWLQJV VXEMHFW WR OLPLWHG GHSWK RI ILHOG $ 0D[LPXP
/LNHOLKRRG EDVHG IRFDO SDUDPHWHU GHWHUPLQDWLRQ DOJRULWKP XVHV UDQJH LQIRUPDWLRQ WR UHEOXU WKH LPDJH WDNHQ ZLWK D VPDOOHU
DSHUWXUH VL]H WR PDWFK WKH ODUJH DSHUWXUH LPDJH 7KLV DOORZV HVWLPDWLRQ RI IRFDO SDUDPHWHUV ZLWKRXW SULRU FDOLEUDWLRQ RI
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GHIRFXV ')' EOXU PHDVXUHPHQW DOJRULWKPV :H FRPSDUH EOXU HVWLPDWHV IURP WKH IRFDO SDUDPHWHU GHWHUPLQDWLRQ PHWKRG
WR WKRVH IURP 3HQWODQG¶V ')' PHWKRG 6XEEDUDR¶V 67UDQVIRUP PHWKRG DQG HVWLPDWHV IURP UDQJH GDWDWKH VDPSOHG SRLQW
VSUHDG IXQFWLRQ ,Q D VHFRQG VWDJH WKH HVWLPDWHG IRFDO SDUDPHWHUV DUH DSSOLHG WR GHFRQYROXWLRQ RI WRWDO LQWHJUDWHG LQWHQVLW\
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)XOOILHOG UDQJH LPDJHUV ZRUN RQ WKH WLPHRIIOLJKW 72) SULQFLSOH DFTXLULQJ UDQJH GDWD IRU HYHU\ SL[HO VLPXOWDQHRXVO\
:KHUHDV LQ WKH SDVW LPDJLQJ OLGDU GHYLFHV KDYH XVHG DFWXDWHG SRLQW VHQVRUV DFTXLULQJ GDWD VHTXHQWLDOO\ WKH XVH RI IXOO
ILHOG VHQVRUV± DOORZV PXFK VLPSOHU PHFKDQLFDO GHVLJQ DQG PDVV SURGXFWLRQ OHDGLQJ WR D UHGXFWLRQ LQ FRVWV +RZHYHU WKH
XVH RI IXOOILHOG VHQVRUV FRPHV DW D FRVW PDQ\ QHZ SUREOHP DUH FUHDWHG VXFK DV UDQJHLQWHQVLW\ FRXSOLQJ DQG ILQLWH GHSWK
RIILHOG '2) 0L[HG SL[HOV DOVR NQRZQ DV PXOWLSDWK LQWHUIHUHQFH RFFXU LQ IXOOILHOG $PSOLWXGH 0RGXODWHG &RQWLQXRXV
:DYH UDQJHUV DQG DUH FDXVHG E\ D SL[HO LQWHJUDWLQJ OLJKW IURP PRUH WKDQ RQH VRXUFH 7KLV FDQ EH GXH WR OLJKW VFDWWHULQJ
ZLWKLQ DQ RSWLFDO V\VWHP GHIRFXV EOXU RU XQDYRLGDEO\ DURXQG WKH HGJHV RI REMHFWV $V D UHVXOW WKH PHDVXUHG UDQJHV DUH
HUURQHRXV RIWHQ DSSHDULQJ WR KDYH OLWWOH RU QR FRQQHFWLRQ WR WKH UDQJH WR WKH FRPSRQHQW OLJKW VRXUFHV :KLOH D QXPEHU RI
FRUUHFWLRQVHSDUDWLRQ DOJRULWKPV KDYH EHHQ SURSRVHG± LQ JHQHUDO PL[HG SL[HOV UHPDLQ D IXQGDPHQWDOO\ XQVROYHG SUREOHP
$V WKH UHVROXWLRQ RI VHQVRUV DQG WKH QHFHVVLW\ IRU V\VWHP IOH[LELOLW\ LQFUHDVHV '2) LVVXHV EHFRPH SUREOHPDWLF )LUVWO\
WKHUH DUH FDOLEUDWLRQ LVVXHV ± FRPPHUFLDO IXOOILHOG OLGDU VHQVRUV FRPH ZLWK IL[HG IRFDO OHQJWK ZLGH DSHUWXUH OHQVHV EHFDXVH
LI IRFDO OHQJWK ZHUH WR FKDQJH WKH FDOLEUDWLRQ UHTXLUHG WR SURGXFH DFFXUDWH SRLQW FORXGV ZRXOG EH LQYDOLGDWHG $GGLWLRQDOO\
ZLGH DSHUWXUHV UHVXOW LQ JUHDWHU UDQJLQJ SUHFLVLRQ GXH WR DQ LQFUHDVH LQ WKH VLJQDOWRQRLVH UDWLR 7KLV PHDQV WKDW ZKHQ
LPDJLQJ DQ REMHFW ZKLFK LV HLWKHU YHU\ FORVH WR WKH FDPHUD RU D ORQJ ZD\ DZD\ WKH UDQJH LPDJH LV RXW RI IRFXV ,Q SUDFWLFH
WKLV UHVXOWV LQ D EOXUU\ DPSOLWXGH LPDJH DQG WKH IRUPDWLRQ RI D ZLGH EDQG RI PL[HG SL[HOV DURXQG WKH HGJHV RI REMHFWV WKXV
PXFK RI WKH UHFRUGHG UDQJH GDWD LV XQUHOLDEOH 6HFRQGO\ HYHQ LI LW ZHUH SRVVLEOH WR FKDQJH IRFXV DOO RSWLFDO V\VWHPV VXIIHU
IURP ILQLWH '2) ± PHDQLQJ WKDW FHUWDLQ VFHQHV ZLOO DOZD\V VXIIHU IURP VRPH GHIRFXV 2QH ZD\ WR PLWLJDWH WKLV LV WR WDNH
PXOWLSOH LPDJHV DW GLIIHUHQW IRFDO OHQJWKV DQG FRPELQLQJ WKH PRVW LQIRFXV UHJLRQV RI HDFK LQVWHDG LQ WKLV SDSHU ZH FKRRVH
WR DSSURDFK WKLV SUREOHP E\ GHFRQYROYLQJ UDQJH LPDJHV WR H[WHQG WKH '2) ,Q RUGHU WR PDNH RXU DOJRULWKP DV IOH[LEOH DV
SRVVLEOH ZH GHWHUPLQH WKH GHIRFXV SDUDPHWHUV RI WKH RSWLFDO V\VWHP IURP WKH FDSWXUHG UDQJH GDWD ± WKHUHE\ DOORZLQJ DQ
RSHUDWRU WR IUHHO\ UHIRFXV WKH UDQJH LPDJHU DQG HYHQ FKDQJH WKH OHQV ZLWKRXW QHHGLQJ WR UHVDPSOH WKH SRLQW VSUHDG IXQFWLRQ
36) :KLOH ZH GR QRW GHDO ZLWK RWKHU DVSHFWV RI DXWRPDWLF FDOLEUDWLRQ ZH EHOLHYH WKDW WKLV OHYHO RI IOH[LELOLW\ LV JRLQJ WR
EHFRPH PRUH LPSRUWDQW DV IXOOILHOG OLGDU WHFKQRORJ\ GHYHORSV IXUWKHU
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 3UHYLRXV :RUN
3UHYLRXV ZRUN RQ VLQJOH IUDPH EOLQG GHFRQYROXWLRQ KDV SULPDULO\ IRFXVVHG RQ WKH LVRSODQDWLF FDVH WKLV LV ODUJHO\ EHFDXVH
WKH SUREOHP LV LOOSRVHG DQG LW LV GLIILFXOW WR TXDQWLI\ KRZ EOXU FKDQJHV DFURVV D VLQJOH LVRODWHG LPDJH 6LQJOH LPDJH VSDWLDOO\
YDULDQW GHEOXUULQJ KDV JHQHUDOO\ LQYROYHG FRPSOH[ EOXU FDOLEUDWLRQ UDWKHU WKDQ EOLQG GHFRQYROXWLRQ ,Q RWKHU DSSOLFDWLRQV
EOXUULQJ LVVXHV KDYH EHHQ DYRLGHG E\ XVH RI VSHFLDO KDUGZDUH VXFK DV DGDSWLYH RSWLFV IRU WHOHVFRSHV ,Q WKH FDVH RI OLPLWHG
'2) KLJK TXDOLW\ UHVWRUDWLRQ UHTXLUHV LPSOLFLW UDQJH LQIRUPDWLRQ RI VRPH VRUW
7KH XVH RI LPDJH VHTXHQFHV RSHQV XS D YDULHW\ RI QHZ SRVVLELOLWLHV )RU H[DPSOH XVHG DQ LVRSODQDWLFDOO\ EOXUUHG
LPDJH DQG D QRLV\ LPDJH RI WKH VDPH VFHQH WR SURGXFH DQ XQEOXUUHG GHQRLVHG LPDJH DQG DQ HVWLPDWH RI WKH 36) 2WKHU ZRUN
RQ DWPRVSKHULF WXUEXOHQFH KDV LQYROYHG HLWKHU EUHDNLQJ DQLVRSODQDWLF LPDJHV LQWR VPDOOHU LVRSODQDWLF UHJLRQV RU GHZDUSLQJ
WKH LPDJHV EHIRUH GHFRQYROXWLRQ LQ RUGHU WR PDNH WKH SUREOHP WUDFWDEOH RWKHU ZRUN KDV LQFOXGHG WKH GHEOXUULQJ RI UDQJH
JDWHG OLGDU ,Q D VLPLODU PDQQHU GHSWK IURP GHIRFXV ')' PHWKRGV PHDVXUH WKH FKDQJH LQ EOXUULQJ DFURVV D SDLU RI
LPDJHV DW GLIIHUHQW NQRZQ IRFDO VHWWLQJV LQ RUGHU WR GHWHUPLQH UDQJH WR REMHFWV LQ D VFHQH ,Q WKLV SDSHU ZH DQDO\VH WKH
VSHFWUDO PHWKRG RI 3HQWODQG DQG WKH VSDWLDO 67UDQVIRUP PHWKRG RI 6XEEDUDR 2QFH WKH DPRXQW RI EOXUULQJ DW HDFK
SL[HO DFURVV DQ LPDJH KDV EHHQ GHWHUPLQHG WKH GHFRQYROXWLRQ SUREOHP EHFRPHV PXFK VLPSOHU 0DQ\ RWKHU ')' PHWKRGV
KDYH EHHQ SURSRVHG± RQH RI WKH PRVW SURPLVLQJ LV WKH XVH RI FRGHG DSHUWXUHV WR PDNH WKH GHFRQYROXWLRQ SUREOHP PRUH
ZHOOSRVHG
7KHUH DUH VHYHUDO DVSHFWV ZKLFK DOO SUHYLRXV ')' PHWKRGV KDYH LQ FRPPRQ ILUVWO\ WKH\ SURFHVV SRVLWLYH LQWHQVLW\
LPDJHV WKH\ SURGXFH UDQJH HVWLPDWHV IURP EOXU E\ D FRPSOH[ FDPHUD FDOLEUDWLRQ SURFHVV DQG WKH\ UHTXLUH KLJK OHYHOV RI
VFHQH WH[WXUHSDWWHUQLQJ LQ RUGHU WR SURGXFH FRUUHFW EOXU ± WKXV UDQJH ± HVWLPDWHV ,Q FRPSDULVRQ WKH PHWKRG SURSRVHG LQ
WKLV SDSHU XVHV UDQJH LPDJHV LQ WKH FRPSOH[ GRPDLQ GHWHUPLQHV IRFDO SDUDPHWHUV IURP D FRPELQDWLRQ RI UDQJH DQG EOXU
GDWD DQG FDQ SURGXFH EOXU HVWLPDWHV LQ DUHDV ZLWK QR WH[WXUH DV ORQJ DV WKHUH LV DGHTXDWH WH[WXUH LQ RWKHU UHJLRQV RI WKH
LPDJH
 2YHUYLHZ
:H SUHVHQW D QHZ VSDWLDOO\ YDULDQW SDUDPHWULF WZRVWDJH EOLQG GHFRQYROXWLRQ DOJRULWKP 7KH ILUVW VWDJH FRQVLVWV RI D 0D[L
PXP /LNHOLKRRG EDVHG PHWKRG IRU GHWHUPLQLQJ WKH IRFDO SDUDPHWHUV RI D UDQJH LPDJHU RSWLFDO V\VWHP LQFOXGLQJ WKH DPRXQW
RI EOXUULQJ DQG WKH GLVWDQFH DW ZKLFK REMHFWV DUH LQIRFXV IURP SDLUV RI UDQJH LPDJHV WDNHQ DW GLIIHUHQW DSHUWXUH VHWWLQJV
7KH DOJRULWKP ZRUNV E\ UHEOXUULQJ DQ LPDJH WDNHQ ZLWK D VPDOOHU DSHUWXUH WR PDWFK DQ LPDJH WDNHQ ZLWK D ODUJH DSHUWXUH
XVLQJ UDQJH GDWD :KHUHDV SUHYLRXV ')' DOJRULWKPV KDYH EHHQ DEOH WR GHWHUPLQH WKH DPRXQW RI EOXU DW HDFK SL[HO DQG
WKXV UDQJH IURP LQWHQVLW\ LPDJH SDLUV VLQFH IXOOILHOG OLGDU V\VWHPV DOVR SURGXFH UDQJH GDWD LW LV SRVVLEOH WR G\QDPLFDOO\
GHWHUPLQH KRZ GHIRFXV EOXU YDULHV ZLWK UDQJH 6LQFH LPDJHV WDNHQ DW VPDOO DSHUWXUH VHWWLQJV DUH VWLOO OLPLWHG E\ '2) ZH
WKHQ HVWLPDWH WKH DPRXQW RI EOXU DW HDFK SL[HO DQG DSSO\ VSDWLDOO\ YDULDQW GHFRQYROXWLRQ WR H[WHQG '2)
 8QLYHUVLW\ RI :DLNDWR 5DQJH ,PDJHU
7KH H[DPSOHV LQ WKH SDSHU ZHUH JHQHUDWHG XVLQJ WKH 8QLYHUVLW\ RI :DLNDWR 82: UDQJH LPDJHU 7KH 82: UDQJH LPDJHU
XVHV WKH WLPHRIIOLJKW 72) SULQFLSOH WR SURGXFH  GLPHQVLRQDO PDWULFHV RI UDQJH DPSOLWXGH DQG WRWDO LQWHJUDWHG LQWHQVLW\
GDWD $ VFHQH LV LOOXPLQDWHG ZLWK PRGXODWHG ODVHU OLJKW DQG WKH V\VWHP PHDVXUHV WKH 72) LQGXFHG SKDVH VKLIW LQ WKH LOOXPL
QDWLRQ PRGXODWLRQ WKXV WKH GLVWDQFH WR WKH REMHFWV LQ WKH VFHQH :KLOH FRPPHUFLDO V\VWHPV XVH PRGXODWHG &026 VHQVRUV
PRGXODWHG LPDJH LQWHQVLILHUV FXUUHQWO\ RIIHU KLJKHU VSDWLDO UHVROXWLRQV 7KH 82: UDQJH LPDJHU KDV D UHVROXWLRQ RI [
ZKHUHDV WKH KLJKHVW UHVROXWLRQ PRGXODWHG &026 VHQVRU KDV D UHVROXWLRQ RI [ SL[HOV 30' 3KRWRQ,&V 5©N6 ,Q
D KHWHURG\QH V\VWHP HLWKHU WKH VHQVRU RU DQ LPDJHLQWHQVLILHU LV JDLQ PRGXODWHG ZLWK D VLJQDO DW D YHU\ VOLJKWO\ GLIIHUHQW
IUHTXHQF\ IURP WKH LOOXPLQDWLRQ PRGXODWLRQ 7KLV UHVXOWV LQ WKH IRUPDWLRQ RI D PXFK ORZHU IUHTXHQF\ EHDW ZDYHIRUP ZKLFK
FDQ EH UHFRUGHG RYHU WLPH E\ D &&' FDPHUD RU &026 GHYLFH WKLV EHDW ZDYHIRUP VKDSH LV D FRUUHODWLRQ RI WKH LOOXPLQDWLRQ
PRGXODWLRQ ZDYHIRUP ZLWK WKH VHQVRULQWHQVLILHU UHVSRQVH ZDYHIRUP %\ WDNLQJ D WHPSRUDO )RXULHU WUDQVIRUP RI WKH GDWD
LW LV SRVVLEOH WR GHWHUPLQH WKH SKDVH DQG DPSOLWXGH RI WKH EHDW ZDYHIRUP IRU HDFK SL[HO ZKLFK LV WKH UDZ UDQJH GDWD ZH
FRQFHQWUDWH RQ LQ WKLV SDSHU
 &RQYHQWLRQV
:H UHSUHVHQW FRQYROXWLRQ E\ څ VSDWLDOO\ YDULDQW FRQYROXWLRQ E\ څ௦௩ 7KH )RXULHU WUDQVIRUP RI D IXQFWLRQ ݂ሺݔሻ LV QRWDWHG LQ
FDSLWDOLVHG IRUP ܨሺݑሻ
7R HQVXUH FODULW\ WKH DXWKRUV DGYLVH YLHZLQJ LPDJHV IURP WKLV SDSHU RQ D FRPSXWHU VFUHHQ RU SULQWLQJ LQ FRORXU
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 5DQJH 'DWD
:H UHSUHVHQW WKH LGHDO XQEOXUUHG UDQJH GDWD E\ D YHFWRU ԇ א ሼԈ଴ǡ . . . ǡ Ԉ௡−ଵሽ ZKHUH ݊ LV WKH QXPEHU RI SL[HOV LQ WKH '
LPDJH DQG Ԉ௜ א ԧ LV WKH WKH ݅WK SL[HO 7KH UDQJH GDWXP Ԉ௜ LV IRUPHG E\
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ZKHUH ܽ௜ א Թା LV WKH DPSOLWXGH ݎ௜ א Թା LV WKH UDQJH WR WKH REMHFW ݂௠ LV WKH LOOXPLQDWLRQ PRGXODWLRQ IUHTXHQF\ ܿ LV WKH
VSHHG RI OLJKW )RU FRQYHQLHQFH ZH GHILQH D IXQFWLRQ ԇ ൌ ߉ሺܽǡ ݎሻ WKDW SURGXFHV UDQJH GDWD IURP YHFWRUV RI DPSOLWXGH DQG
UDQJH GDWD UHVSHFWLYHO\ ZKLFK ZH XWLOLVH LQ VHFWLRQ 
,I ZH FRQVLGHU D PRGHO RI DFWLYH VLJQDO UHWXUQV YHUVXV UDQJH IRU D SL[HO ݂௜ሺݎሻ א Թ
ା ZH FDQ UHJDUG D PHDVXUHPHQW
DW D SDUWLFXODU PRGXODWLRQ IUHTXHQF\ DV VDPSOLQJ D SDUWLFXODU VSDWLDO IUHTXHQF\ RI WKH PRGHO RI VLJQDO UHWXUQV LH Ԉ௜ ൌ
ܨ௜ሺ−ܿ/ʹ݂௠ሻ &RQYHQWLRQDO SURFHVVLQJ HVWLPDWHV DPSOLWXGH DQG UDQJH E\
ܽ௜ ൌ ȁߌ௜ȁ ൌ ȁԈ௜ ൅ ௜ ൅ ߣ௖ȁǡ 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ZKHUH ߌ௜ LV WKH UHFRUGHG QRLV\ GDWD DW SL[HO ݅ ௜ LV QRLVH DQG ߣ௖ LV OLJKW IURP RWKHU REMHFWV ± ZKLFK UHVXOWV LQ PL[HG SL[HOV
/HQVHV LPDJH LQWHQVLILHUV DQG UHIOHFWLYH VHQVRUV WHQG WR UHVXOW LQ OLJKW VFDWWHULQJ ZLWKLQ IXOOILHOG UDQJH LPDJHUV 7KLV LV
SDUWLFXODUO\ LPSRUWDQW LI DQ LPDJH KDV D KLJK G\QDPLF UDQJH DV UDQJHLQWHQVLW\ FRXSOLQJ FDQ UHVXOW 7KH UHVXOWLQJ HUURUV
DUH RQH RI WKH GLUW\ VHFUHWV RI WKH UDQJHLPDJLQJ FRPPXQLW\ ± LW PHDQV WKDW UDQJH PHDVXUHPHQWV FKDQJH GHSHQGLQJ RQ
UHIOHFWLYLW\ $ IODW ERDUG FDQ DSSHDU WR EH VSUHDG DFURVV PXOWLSOH UDQJHV EHFDXVH LW LV SDWWHUQHG :H QRZ PRGHO WKH HIIHFW
WKDW OLPLWHG GHSWK RI ILHOG KDV RQ UDQJH GDWD
 'HSWK RI )LHOG
7KH WKLQ OHQV HTXDWLRQ LV
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ZKHUH ݂ LV WKH IRFDO OHQJWK ݀௢ LV WKH GLVWDQFH WR WKH REMHFW SURMHFWHG RQWR WKH RSWLFDO D[LV DQG ݀௜ LV WKH GLVWDQFH WR WKH LPDJH
VLPLODUO\ SURMHFWHG 6LQFH LQ PRVW FDPHUDV WKH GLVWDQFH WR WKH LPDJLQJ SODQH LV IL[HG WKLV PHDQV WKDW WKH GLVWDQFH RI WKH
FRUUHFWO\ IRUPHG LPDJH IURP WKH LPDJLQJ SODQH YDULHV DFURVV DQ LPDJH GHSHQGLQJ RQ WKH GLVWDQFH DORQJ WKH RSWLFDO D[LV RI
FDPHUD WR WKH REMHFW :KLOH WKH IRFDO OHQJWK FDQ EH DGMXVWHG LW LV LPSRVVLEOH IRU PXOWLSOH REMHFWV DW GLIIHUHQW GLVFUHWH UDQJHV
WR DOO EH LQ SHUIHFW IRFXV ZLWK D UHDO SK\VLFDO FDPHUD DOWKRXJK D VLQJOH IODW REMHFW DW DQ DQJOH FDQ EH LPDJHG DFFRUGLQJ WR
WKH 6FKHLPSIOXJ SULQFLSOH 7KH SURSHUWLHV RI GHIRFXV EOXU DUH ZHOO XQGHUVWRRG GDWD VXEMHFW WR OLPLWHG GHSWKRIILHOG FDQ
EH UHJDUGHG DV EHLQJ FRQYROYHG ZLWK D VSDWLDOO\ YDULDQW SRLQW VSUHDG IXQFWLRQ
7KHUH DUH WZR FRPPRQO\ XVHG WKHRUHWLFDO PRGHOV IRU GHIRFXV EOXU WKH *DXVVLDQ DQG SLOOER[ PRGHOV 7KH *DXVVLDQ
PRGHO LV PRUH DSSURSULDWH IRU V\VWHPV ZKHUH GLIIUDFWLRQDEHUUDWLRQ HIIHFWV GRPLQDWH SDUWLFXODUO\ DW VPDOO DSHUWXUH VL]HV
7KH SLOOER[ PRGHO LV PRUH UHSUHVHQWDWLYH RI V\VWHPV ZKHUH WKH DSHUWXUH VL]H LV ODUJHU DQG GLIIUDFWLRQ HIIHFWV DUH OHVV VLJ
QLILFDQW :KHWKHU WKH LOOXPLQDWLRQ LV SRO\FKURPDWLF RU PRQRFKURPDWLF FDQ DOVR LPSDFW RQ WKH VXLWDELOLW\ RI D SDUWLFXODU
PRGHO DV WKH VXSHULPSRVHG GLIIUDFWLRQ SDWWHUQV DW GLIIHUHQW ZDYHOHQJWKV LQ ZKLWH OLJKW FDQ EH DSSUR[LPDWHG E\ D *DXVVLDQ
,Q JHQHUDO WKH 36) RI WKH 82: UDQJH LPDJHU LV EHVW DSSUR[LPDWHG E\ D SLOOER[ PRGHO :KLOH PRVW SUHYLRXV ZRUN KDV
IRFXVVHG RQ *DXVVLDQ EOXUV EHFDXVH RI WKH QLFH SURSHUWLHV LQ WKH )RXULHU GRPDLQ PRVW DOJRULWKPV FDQ EH DSSOLHG WR HLWKHU
VRUWV RI EOXUULQJ ZLWK WKH LQFOXVLRQ RI D FRUUHFWLRQ IDFWRU
:H QRWDWH WKH EOXU UDGLXV DW D SDUWLFXODU SRLQW DV ߪ௜ א Թା XQOLNH SUHYLRXV ZRUN ZH DYRLG WKH DZNZDUG FRQFHSW RI
QHJDWLYH EOXU UDGLL :H XVH WKH VDPH V\PERO ߪ IRU ERWK *DXVVLDQ DQG SLOOER[ EOXU UDGLL ,I ZH LJQRUH WKH SURMHFWLRQ RQWR WKH
RSWLFDO D[LV E\ DVVXPLQJ D VXIILFLHQWO\ VPDOO ILHOGRIYLHZ DQG LQVWHDG DSSUR[LPDWH E\ XVLQJ UDGLDO GLVWDQFH WR WKH REMHFW
IURP JHRPHWULF RSWLFV LW FDQ EH GHWHUPLQHG WKDW
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ZKHUH ܦ LV WKH DSHUWXUH GLDPHWHU 7KLV DSSUR[LPDWLRQ DOORZV XV WR DYRLG WKH OHQV FDOLEUDWLRQV UHTXLUHG WR FRUUHFWO\ SURMHFW
RQWR WKH =D[LV 7KH HTXDWLRQ FDQ EH UHZULWWHQ DV
ߪ௜ ൌ ߙ
∣
∣
∣
∣
ͳ− ߚ
ݎ௜
∣
∣
∣
∣
ǡ 
ZKHUH ߙ א Թା LV D VFDOLQJ FRQVWDQW DQG ߚ א Թା LV WKH GLVWDQFH IURP WKH FDPHUD DW ZKLFK REMHFWV DUH LQ IRFXV :H FRQVLGHU
WKH WXSOH ߆ ൌ ሺߙǡ ߚǡ ݎሻ WR EH WKH IRFDO SDUDPHWHUV RI D V\VWHP ZKHUH ݎ א ሼݎ଴ǡ . . . ǡ ݎ௡−ଵሽ LV WKH UDQJH WR HDFK SL[HO LQ WKH
VFHQH 7KLV LQIRUPDWLRQ FRPSOHWHO\ GHILQHV RXU VSDWLDOO\ YDULDQW EOXU PRGHO LQ JHQHUDO ZH FDQ UHJDUG WKH LPDJH IRUPDWLRQ
SURFHVV DV
ߌ ൌ ԇ څ௦௩ ߪሺ߆ሻ ൅ ǡ 
ZKHUH ߌ א ԧ௡ LV WKH UHFRUGHG UDQJH GDWD DQG  א ԧ௡ LV QRLVH ,Q WKHRU\ JLYHQ D JRRG HVWLPDWH RI ߆ LW RXJKW WR EH SRVVLEOH
WR UHVWRUH D IXOOILHOG OLGDU LPDJH VXEMHFW WR OLPLWHG GHSWK RI ILHOG
,Q RXU V\VWHP D FRPSOLFDWLQJ IDFWRU LV WKDW WKHUH DUH DGGLWLRQDO RSWLFV ZKLFK ZH FDQQRW DFFRXQW IRU ZLWK WKLV PRGHO
7KHVH RSWLFV FRXSOH WKH &&' FDPHUD WR WKH LPDJH LQWHQVLILHU ± VLQFH WKH =GLVWDQFH LV IL[HG WKLV UHVXOWV LQ FRQYROXWLRQ E\
DQ DGGLWLRQDO 36) DOEHLW YHU\ VPDOO )RU WKH SXUSRVHV RI WKLV SDSHU ZH LJQRUH WKLV HIIHFW
 '(37+ )520 '()2&86
 3HQWODQG¶V 0HWKRG
:KLOH SULRU ZRUN RQ GHSWKIURPIRFXV H[WHQGV EDFN PXFK IXUWKHU WKH RULJLQDO FRQFHSW RI ')' FDQ EH WUDFHG EDFN WR
3HQWODQG ,Q WKLV ZRUN KH SURSRVHG WZRPHWKRGV RI GHSWK UHFRYHU\ RQH XVLQJ VKDUS HGJHV DQG RQH XVLQJ WZR LPDJHV WDNHQ
DW GLIIHUHQW FDPHUD DSHUWXUH VHWWLQJV 7KH VHFRQG PHWKRG LV WKH DQFHVWRU RI PRVW PRGHUQ GHSWKIURPGHIRFXV DOJRULWKPV
ZH QRZ DQDO\VH WKH LVRSODQDWLF FDVH ,Q WKH )RXULHU GRPDLQ FRQYROYLQJ DQ LPDJH ݕ E\ D *DXVVLDQ 36) ZLWK EOXU UDGLXV ߪ
LV HTXLYDOHQW WR DWWHQXDWLRQ LQ WKH VSDWLDO IUHTXHQF\ GRPDLQ YL]
ݖ ൌ ݕ څ ߪ ֞ ܼሾݑǡ ݒሿ ൌ ܻሾݑǡ ݒሿଶగ
మሺ௨మା௩మሻఙమ ǡ 
ZKHUH ݖ LV WKH EOXUUHG LPDJH *LYHQ WZR LPDJHV ݖఈ DQG ݖఉ RI WKH VDPH VFHQH WDNHQ ZLWK GLIIHUHQW IRFDO SDUDPHWHUV ZH
FDQ PHDVXUH WKH UHODWLYH DWWHQXDWLRQ RI WKH VSDWLDO IUHTXHQFLHV RI WKH LPDJH DOORZLQJ XV WR HVWLPDWH WKH UHODWLYH DPRXQW RI
EOXUULQJ EHWZHHQ WKH WZR LPDJHV )RU EOXU UDGLL ߪఈ DQG ߪఉ WKH UHODWLYH EOXUULQJ LV HVWLPDWHG E\
݃ ൌ ߪଶఈ − ߪଶఉ ൌ
ͳ
Ͷߨଶܣோ
෍
ሺ௨ǡ௩ሻאோ೑
ͳ
ݑଶ ൅ ݒଶ
ቆ
ȁܼఉሾݑǡ ݒሿȁ
ȁܼఈሾݑǡ ݒሿȁ
ቇǡ 
ZKHUH ܴ௙ LV D UHJLRQ RI WKH VSDWLDO IUHTXHQF\ GRPDLQ DQG ܣோ LV WKH QXPEHU RI VDPSOHV IURP WKH VSDWLDO IUHTXHQF\ GRPDLQ
%\ DSSO\LQJ NQRZOHGJH RI WKH IRFDO SDUDPHWHUV RI WKH RSWLFDO V\VWHP LW LV SRVVLEOH WR UHFRYHU ߪఈ DQG ߪఉ LQGLYLGXDOO\ :KLOH
LQ WKH PRVW JHQHUDO FDVH WKLV LQYROYHV VROYLQJ D TXDGUDWLF HTXDWLRQ LQ WKLV SDSHU ZH UHVWULFW RXUVHOYHV WR WKH VLWXDWLRQ LQ
ZKLFK WKH IRFDO OHQJWK LV IL[HG DQG RQO\ WKH DSHUWXUH VL]H FKDQJHV )RU DSHUWXUH GLDPHWHUV ܦఈ DQG ܦఉ
ߪଶఈ ൌ
݃
ͳ− ஽
మ
ഁ
஽మഀ
ǡ 
ߪଶఉ ൌ
ܦଶఉ
ܦଶఈ
ߪଶఈǤ 
,Q WKH FRQYHQWLRQDO FDVH JLYHQ WKH EOXU UHODWLRQVKLSV IURP VHFWLRQ  WKH UDQJH WR REMHFWV LQ WKH VFHQH FDQ EH GHWHUPLQHG
7KH LPSOHPHQWDWLRQ IRU WKLV SDSHU GLYLGHV WKH LPDJH XS LQWR  E\  SL[HO UHJLRQV DQG )RXULHU WUDQVIRUPV WKHP ± RQO\ D
VPDOO VXEVHW RI WKH VSDWLDO IUHTXHQFLHV DUH XVHG DV PRVW WHQG WR EH WRR H[FHVVLYHO\ DWWHQXDWHG WR EH XVHIXO $ EOXU HVWLPDWH
LV SURGXFHG IRU HDFK UHJLRQ XVLQJ WKH PHWKRG GHVFULEHG DERYH
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E 6XEEDUDR¶V VSDWLDO GRPDLQ DOJRULWKP UHVSRQVHே ୀ ସ
)LJXUH  'HSWK IURP GHIRFXV DOJRULWKP UHVSRQVH YHUVXV SDUHQW GDWD EOXUULQJ DQG GLIIHUHQWLDO EOXU W\SH .H\  SDUHQW GDWD EOXU
ULQJGLIIHUHQWLDO EOXU W\SH
 6XEEDUDR¶V 67UDQVIRUP 0HWKRG
8VLQJ WKH 67UDQVIRUP 6XEEDUDR FUHDWHG DQ DOWHUQDWLYH PHWKRG WKDW RSHUDWHV LQ WKH VSDWLDO GRPDLQ 7KH 67UDQVIRUP
PRGHOV DQ QGLPHQVLRQDO LPDJH DV WKH VXP RI PRUGHU SRO\QRPLDOV %\ PRGHOOLQJ D ORFDO UHJLRQ RI DQ LPDJH DV D FXELF
SRO\QRPLDO *DXVVLDQ GHIRFXV EOXU FDQ EH H[SUHVVHG DV
ݖ ൌ ݕ څ ߪ ֞ ݖሾݔǡ ݕሿ ൅
ߪଶ
Ͷ
ߘଶݖሾݔǡ ݕሿ ൌ ݕሾݔǡ ݕሿǡ 
ZKHUH WKH /DSODFLDQ LV GHWHUPLQHG E\ D &KHE\VKHY SRO\QRPLDO EDVHG VPRRWKHG GLIIHUHQWLDWLRQ ILOWHU 7KH VL]H RI WKH GLI
IHUHQWLDWLRQ ILOWHU LV SDUDPHWLVHG E\ ܰ א Ժା JLYLQJ D ILOWHU RI VL]H ʹܰ ൅ ͳ SL[HOV ,Q D VLPLODU IDVKLRQ WR HTQ  ZH FDQ
HVWLPDWH ݃ E\
݃ଶ ൌ Ͷ
σሺ௫ǡ௬ሻאோೞ ሺݖఈሾݔǡ ݕሿ− ݖఉሾݔǡ ݕሿሻଶ
σሾ௫ǡ௬ሿאோೞ ሺߘ
ଶݖఈሾݔǡ ݕሿ ൅ ߘଶݖఉሾݔǡ ݕሿሻଶ

ZKHUH ܴ௦ GHILQHV D VSDWLDO GRPDLQ UDWKHU WKDQ D VSDWLDO IUHTXHQF\ GRPDLQ 7KHVH EOXU HVWLPDWHV DUH WKHQ GHQRLVHG YLD D
3DU]HQ ZLQGRZHG KLVWRJUDP RYHU D ODUJH VSDWLDO UHJLRQ $OWKRXJK EOXU HVWLPDWHV FDQ EH FRPSXWHG IRU HDFK LQGLYLGXDO SL[HO
WKH\ DUH QRW VWDWLVWLFDOO\ LQGHSHQGHQW HVWLPDWHV IRU WKLV SDSHU ZH KDYH SURGXFHG LPDJHV DW WKH VDPH UHVROXWLRQ DV 3HQWODQG¶V
DOJRULWKP
 $OJRULWKP 5HVSRQVH
,Q RUGHU WR WHVW WKH UHVSRQVH RI WKH WZR ')' DOJRULWKPV ZH JHQHUDWHG VRPH QRLVHOHVV WHVW GDWD 7KHVH SDUHQW GDWD ZHUH
JHQHUDWHG E\ ILOWHULQJ *DXVVLDQ ZKLWH QRLVH ZLWK D *DXVVLDQ ILOWHU RI D SDUWLFXODU VSHFLILHG ZLGWK WKXV VLPXODWLQJ WH[WXUH
DW GLIIHUHQW VSDWLDO VFDOHV LQ WKH LGHDO XQEOXUUHG VFHQH 7KHVH SDUHQW GDWD ZHUH WKHQ EOXUUHG E\ DQRWKHU EOXU IXQFWLRQ HLWKHU
SLOOER[ RU *DXVVLDQ ZLWK D VSHFLILHG ZLGWK ZKLFK ZH FDOO WKH GLIIHUHQWLDO EOXU 7KH SDUHQW GDWD DQG WKH GLIIHUHQWLDOO\ EOXUUHG
GDWD ZHUH WKHQ SDVVHG WR WKH DOJRULWKPV DV WKH XQEOXUUHG DQG EOXUUHG GDWD UHVSHFWLYHO\ DQG WKH DOJRULWKP UHVSRQVH UHFRUGHG
7KH UHVXOWV DUH VKRZQ LQ ILJV D DQG E 7KH JUDSK NH\ UHIHUV WR WKH *DXVVLDQ EOXU UDGLXV IRU WKH SDUHQW GDWD DQG WKH
W\SH RI GLIIHUHQWLDO EOXU PRGHO
6LQFH WH[WXUH VFDOH LV SURSRUWLRQDO WR EOXU UDGLXV ILJ D VKRZV WKDW WKH 3HQWODQG DOJRULWKP LV H[WUHPHO\ VHQVLWLYH WR
WKH VFDOH RI WH[WXUH 7KHUH LV D V\VWHPDWLF ELDV FDXVHG E\ DWWHQXDWLRQ RI WKH KLJKHU VSDWLDO IUHTXHQFLHV WKDW SXOOV WKH HVWLPDWH
RI EOXU WRZDUGV ]HUR DV WKH DFFXUDF\ RI WKH ORJDULWKPLF WHUP LV OLPLWHG E\ ILQLWH SUHFLVLRQ DQG QRLVH $ VLPSOH H[DPSOH RI
WKLV HIIHFW LV LI D VSDWLDO IUHTXHQF\ GRHV QRW H[LVW RU RQO\ QRLVH LV SUHVHQW LQ WKH OHVV EOXUUHG LPDJH LI WKLV VSDWLDO IUHTXHQF\
LV LQFOXGHG LQ WKH VSHFWUDO UHJLRQ EHLQJ DQDO\VHG WKHQ WKH EOXU HVWLPDWH LV HUURQHRXVO\ SXOOHG WRZDUGV ]HUR 0RUH DGYDQFHG
PHWKRGV WKDW G\QDPLFDOO\ GHWHUPLQH WKH VSHFWUDO UHJLRQ DUH SRVVLEOH EXW DUH QRW GHDOW ZLWK KHUH 'XH WR WKH H[WUHPH QDWXUH
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D 7RWDO LQWHJUDWHG LQWHQVLW\ I E 7RWDO LQWHJUDWHG LQWHQVLW\ I F 5DQJH I VHYHUH UDQJH
LQWHQVLW\ FRXSOLQJ
G 3HQWODQG¶V PHWKRG DUELWUDU\
VFDOLQJ
H 6XEEDUDR¶V PHWKRG ே ୀ ସ I 'LIIHUHQWLDO EOXU IURP UDQJH DQG
VDPSOHG 36) PRGHO VHYHUH UDQJH
LQWHQVLW\ FRXSOLQJ
)LJXUH  6FHQH $ GHSWK IURP GHIRFXV UHVXOWV 7RWDO LQWHJUDWHG LQWHQVLW\ LPDJHV XVH ఊ ୀ ଴Ǥ ଵ
RI WKLV HIIHFW 3HQWODQG¶V DOJRULWKP DSSHDUV WR UHTXLUH WKH DGGLWLRQ RI DQ DUELWUDU\ VFDOLQJ FRHIILFLHQW IRU FRPSDULVRQ WR
6XEEDUDR¶V DOJRULWKP
)LJ E VKRZV WKDW WKH 6XEEDUDR $OJRULWKP KDV D OLQHDU UHVSRQVH LQ FHUWDLQ FDVHV DQG D QRQOLQHDU UHVSRQVH LQ RWKHUV
PXFK RI WKLV LV GXH WR WKH VSDWLDO VFDOH RI WKH WH[WXUH )RU WKLV H[SHULPHQWܰ ൌ Ͷ PHDQLQJ WKDW WKH /DSODFLDQ ZDV FDOFXODWHG
XVLQJ  SL[HO GHULYDWLYH ILOWHUV ,I WKH VL]H RI WKH GHULYDWLYH ILOWHU GRHV QRW PDWFK WKH VSDWLDO VFDOH RI WKH WH[WXUH WKH DOJRULWKP
DSSHDUV WR JLYH HUURQHRXV UHVXOWV 3DUHQW GDWD ZKLFK KDYH D PXFK ODUJHU LQLWLDO EOXU UHVXOWV LQ D PXFK PRUH OLQHDU UHVSRQVH
JUDGLHQW ± ZKLFK DSSHDUV WR EH FORVH WR ଺଼ LQ WKH SLOOER[ FDVH DQG
଼
଺ LQ WKH *DXVVLDQ FDVH
 'HSWK )URP 'HIRFXV 5HVXOWV
7KUHH UDQJH LPDJHV ZHUH WDNHQ RI GLIIHUHQW VFHQHV HDFK ZLWK D GLIIHUHQW IRFDO OHQJWK 7KH FRPSOH[ GRPDLQ UDQJH LPDJHV
ZHUH WKHQ DQDO\VHG XVLQJ WKH WZR ')' DOJRULWKPV DQG FRPSDUHG WR EOXU HVWLPDWHV FUHDWHG XVLQJ UDQJH GDWD DQG WKH NQRZQ
IRFDO SDUDPHWHUV 7KH RQO\ GLIIHUHQFH EHWZHHQ SURFHVVLQJ LQWHQVLW\ LPDJHV DQG SURFHVVLQJ FRPSOH[ GRPDLQ LPDJHV EHLQJ
WKDW WKH DEVROXWH YDOXH RI WKH /DSODFLDQ DQG UHODWLYH HUURU DUH WDNHQ LQ WKH 6XEEDUDR DOJRULWKP 7KH UHVXOWV DUH VKRZQ LQ
ILJV   DQG 
6FHQH$ KDV DQ H[WUHPHO\ KLJK G\QDPLF UDQJH WKH WRWDO LQWHJUDWHG LQWHQVLW\ LPDJHV KDYH EHHQ KLJKO\ JDPPD FRPSUHVVHG
XVLQJ ߛ ൌ ͲǤ ͳ 7KLV KLJK G\QDPLF UDQJH UHVXOWV LQ D SUREOHP NQRZQ DV UDQJHLQWHQVLW\ FRXSOLQJ ZKHUH OLJKW VFDWWHUHG
ZLWKLQ WKH UDQJH LPDJHU UHVXOWV LQ UDQJHV WKDW FKDQJH GHSHQGLQJ RQ WKH UHIOHFWLYLW\ RI WKH WDUJHW REMHFW )LJ F VKRZV
UDQJH LQIRUPDWLRQ ZKHUH UHG UHSUHVHQWV REMHFWV FORVHU WR WKH FDPHUD DQG EOXHSXUSOH REMHFWV IDUWKHU DZD\ )LJV D DQG
E VKRZ KRZ GHFUHDVLQJ WKH DSHUWXUH VL]H LQFUHDVHV WKH GHSWK RI ILHOG KRZHYHU HYHQ DW WKH YHU\ VPDOO I WKH GHSWK RI
ILHOG LV VWLOO ILQLWH DQG VRPH REMHFWV DSSHDU TXLWH EOXUU\ 3DVVLQJ WKH UDQJH LPDJH RI WKH VFHQH WR WKH ')' DOJRULWKPV JLYHV
ILJV G DQG H %RWK DOJRULWKPV VWUXJJOH WR DFFXUDWHO\ HVWLPDWH WKH EOXU VFDOH IRU REMHFWV LQ WKH EDFNJURXQG KRZHYHU
6XEEDUDR¶V SURGXFHV YLVLEO\ EHWWHU RXWSXW 3HQWODQG¶V DOJRULWKP SURGXFHG DUWHIDFWV DW VHYHUDO REMHFW HGJHV VXIIHUHG PRUH
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D 7RWDO LQWHJUDWHG LQWHQVLW\ I E 7RWDO LQWHJUDWHG LQWHQVLW\ I F 5DQJH I
G 6XEEDUDR¶V PHWKRG ே ୀ ଵ H 6XEEDUDR¶V PHWKRG ே ୀ ସ I 'LIIHUHQWLDO EOXU IURP UDQJH DQG
VDPSOHG 36) PRGHO
)LJXUH  6FHQH % GHSWK IURP GHIRFXV UHVXOWV 7RWDO LQWHJUDWHG LQWHQVLW\ LPDJHV XVH ఊ ୀ ଴Ǥ ହ
IURP QRLVH DQG ZKLOH UHWDLQLQJ WKH FRUUHFW UHODWLYH EOXU RUGHULQJ DFURVV REMHFWV GLG QRW PDLQWDLQ WKH VDPH UDWLRV 6XEEDUR¶V
DOJRULWKP KRZHYHU SHUIRUPHG FUHGLWDEO\ FRPSDUHG WR WKH HVWLPDWHG DFWXDO EOXUULQJ LQ ILJ I EOXH UHSUHVHQWV OHVV EOXUULQJ
UHG PRUH EOXUULQJ 7KH EOXU HVWLPDWHV DUH VOLJKWO\ FRUUXSWHG GXH WR UDQJHLQWHQVLW\ FRXSOLQJ
6FHQH % KDV D PXFK VPDOOHU G\QDPLF UDQJH WKDQ VFHQH $ DV D UHVXOW WKH UDQJH GDWD ILJ F VXIIHUV PXFK OHVV UDQJH
LQWHQVLW\ FRXSOLQJ +RZHYHU WKHUH DUH VWLOO PLQRU HUURQHRXV UDQJHV WR WKH ULJKWWRS RI WKH ULJKWPRVW ER[ LQ WKH LPDJH )LJV
G DQG H VKRZ KRZ WKH YDOXH RI ܰ DIIHFWV WKH TXDOLW\ RI UDQJH GDWD UHWXUQHG E\ 6XEEDUDR¶V DOJRULWKP :H DUH FXUUHQWO\
XQVXUH ZKHWKHU WKHUH LV D JRRG DXWRPDWHG ZD\ WR HVWLPDWH WKH RSWLPDO VHWWLQJ 1RWDEO\ WKH WH[WXUHOHVV WDEOH UHJLRQ GRHV
QRW SURGXFH DFFXUDWH EOXU HVWLPDWHV
,Q VFHQH & QR YDOXH RI ܰ ZDV IRXQG WR SURGXFH FRUUHFW EOXU HVWLPDWHV IURP 6XEEDUDR¶V DOJRULWKP )LJ H VKRZV D
EOXU HVWLPDWH SURGXFHG E\ WKH 0D[LPXP /LNHOLKRRG PHWKRG GLVFXVVHG LQ WKH QH[W VHFWLRQ
 '(7(50,1$7,21 2) )2&$/ 3$5$0(7(56
 7KHRU\
3KRWRQ VKRW QRLVH LV 3RLVVRQ GLVWULEXWHG LQ PRVW LPDJLQJ VLWXDWLRQV WKH PHDQ LQWHQVLW\ ߤ௜ LV VXIILFLHQWO\ KLJK WKDW WKH
3RLVVRQ GLVWULEXWLRQ FDQ EH DFFXUDWHO\ PRGHOOHG E\ D *DXVVLDQ GLVWULEXWLRQ ZKHUH ߪଶ௜ ൌ ߤ௜ ,Q $0&: OLGDU QRLVH YDULDQFH
LV QRW QHFHVVDULO\ SURSRUWLRQDO WR DPSOLWXGH ߪଶ௜ ן ȁԈ௜ȁ GXH WR FRQWULEXWLRQV IURP DPELHQW OLJKWLQJ DQG SDUWLDO FDQFHOODWLRQ
DW PL[HG SL[HOV ,QVWHDG WKH WRWDO LQWHJUDWHG LQWHQVLW\ DW D SL[HO ߯௜ WDNHV LQWR DFFRXQW DOO OLJKW VRXUFHV ZLWKLQ D SL[HO
߯௜ ൌ ߮௜ ൅ න݂௜ሺݎሻ݀ݎǡ 
ZKHUH ߮௜ LV WKH FRQWULEXWLRQ IURP DPELHQW OLJKW DW SL[HO ݅ 7KLV DOORZV XV WR PRGHO WKH QRLVH DW D SL[HO ௜ DV KDYLQJ D
]HUR FHQWUHG FLUFXODUO\ V\PPHWULF FRPSOH[ QRUPDO GLVWULEXWLRQ ௜ ׽ ࣨԧሺͲǡ ߯௜ሻ UHVXOWLQJ LQ WKH DEVROXWH HUURU DW D SL[HO
ȁ௜ȁ EHLQJ 5D\OHLJK GLVWULEXWHG ,Q JHQHUDO WRWDO LQWHJUDWHG LQWHQVLW\ LPDJHV ORRN YHU\ VLPLODU WR DPSOLWXGH LPDJHV XQOHVV
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D 7RWDO LQWHJUDWHG LQWHQVLW\ I E 7RWDO LQWHJUDWHG LQWHQVLW\ I F 5DQJH I
G 6XEEDUDR¶V PHWKRG ே ୀ ସ H 0/ IRFDO SDUDPHWHU GHWHUPLQD
WLRQ
I 'LIIHUHQWLDO EOXU IURP UDQJH DQG
VDPSOHG 36) PRGHO
)LJXUH  6FHQH & GHSWK IURP GHIRFXV UHVXOWV 7RWDO LQWHJUDWHG LQWHQVLW\ LPDJHV XVH ఊ ୀ ଴Ǥ ହ
WKHUH LV VLJQLILFDQW DPELHQW OLJKW RU SDUWLDO FDQFHOODWLRQ DW PL[HG SL[HOV DOO GDWD IRU WKLV SDSHU ZHUH JHQHUDWHG LQ D GDUNHQHG
URRP
,I ZH PRGHO ݖఈ DQG ݖఉ DV D FRQYROXWLRQ RI LGHDO XQEOXUUHG UDQJH GDWD ෝݕ ൌ ߉ሺܽ∅ǡ ݎ∅ሻ ZH FDQ H[SUHVV WKH ORJOLNHOLKRRG
RI SDUWLFXODU IRFDO SDUDPHWHUV DQG XQEOXUUHG GDWD DV
ࣦሺߙǡ ߚǡ ݎ∅ǡ ܽ∅ȁݖఈǡ ݖఉǡ ߑఈǡ ߑఉሻ ൌ ܿ݋݊ݏݐ − ͳʹሺݖఈ − ݄ሺߙǡ ߚǡ ݎ∅ሻ߉ሺܽ∅ǡ ݎ∅ሻሻ
∗ߑ−ଵఈ ሺݖఈ − ݄ሺߙǡ ߚǡ ݎ∅ሻ߉ሺܽ∅ǡ ݎ∅ሻሻ
− ͳ
ʹ
ሺݖఉ − ݄ሺߙܦఉܦఈ ǡ ߚǡ ݎ∅ሻ߉ሺܽ∅ǡ ݎ∅ሻሻ
∗ߑ−ଵఉ ሺݖఉ − ݄ሺߙ
ܦఉ
ܦఈ
ǡ ߚǡ ݎ∅ሻ߉ሺܽ∅ǡ ݎ∅ሻሻ 
ZKHUH ߑఈ DQG ߑఉ DUH GLDJRQDO PDWULFLHV FRQVLVWLQJ RI WKH YDOXHV IURP ߯ఈ DQG ߯ఉ UHVSHFWLYHO\ DQG ݄ǣ ሺԹ
ାǡԹାǡԹା௡ሻ ՜
Թ௡ൈ௡ LV D IXQFWLRQ WKDW UHWXUQV WKH OLQHDU WUDQVIRUPDWLRQ PDWUL[ FRUUHVSRQGLQJ WR D VSDWLDOO\ YDULDQW FRQYROXWLRQ VXFK WKDW
݄ሺߙǡ ߚǡ ݎሻݖ ൌ ݖ څ௦௩ ߪሺߙǡ ߚǡ ݎሻ
$ VLQJOH VWHS DSSURDFK PLJKW DWWHPSW WR PD[LPLVH WKLV PRVW SUREDEO\ ZLWK WKH DGGLWLRQ RI VRPH VRUW RI UHJXODULVDWLRQ
,QVWHDG ZH DVVXPH WKDW WKH OHDVW EOXUUHG UDQJH HVWLPDWHV ݎఉ DUH FRUUHFW DQG DSSUR[LPDWH WKH UHODWLRQVKLS EHWZHHQ ݖఈ DQG
ݖఉ DV D VSDWLDOO\ YDULDQW FRQYROXWLRQ SDUDPHWLVHG LQ WKH VDPH IDVKLRQ DV EHIRUH JLYLQJ
ࣦሺߙǡ ߚȁݖఈǡ ݖఉǡ ߑఈǡ ߑఉሻ ൌ ܿ݋݊ݏݐ − ͳʹሺሺߑఈ ൅ ݄ሺ߬ߙǡ ߚǡ ݎఉሻߑఉ݄
∗ሺ߬ߙǡ ߚǡ ݎఉሻሻሻ 
−ͳ
ʹ
ሺݖఈ − ݄ሺ߬ߙǡ ߚǡ ݎఉሻݖఉሻ∗ሺߑఈ ൅ ݄ሺ߬ߙǡ ߚǡ ݎఉሻߑఉ݄∗ሺ߬ߙǡ ߚǡ ݎఉሻሻ−ଵሺݖఈ − ݄ሺ߬ߙǡ ߚǡ ݎఉሻݖఉሻǡ
ZKHUH ߬ LV D FRQVWDQW FRQYHUVLRQ IDFWRU ,Q DQ LGHDO FDVH ߬ ZRXOG EH FRQILUPHG H[SHULPHQWDOO\ KRZHYHU IRU WKH SXUSRVHV
RI WKLV SDSHU ZH KDYH DVVXPHG WKDW ߬ ൌ ஽ഀ−஽ഁ஽ഀ  %\ DSSUR[LPDWLQJ WKH HUURU FRYDULDQFH E\ ʹߑఈ ZH FDQ IXUWKHU VLPSOLI\ WKH
SUREOHP JLYLQJ D FRQVWDQW GLDJRQDO FRYDULDQFH PDWUL[ $Q HVWLPDWH RI WKH UHPDLQLQJ IRFDO SDUDPHWHUV ሺߙǡ ߚሻ LV IRXQG E\
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G 6FHQH &
)LJXUH  0/ IRFDO SDUDPHWHU GHWHUPLQDWLRQ FRPSDUHG WR GHSWK IURP GHIRFXV PHWKRGV DQG JURXQG WUXWK 6DPSOHG 36) DW I QRW VKRZQ
QXPHULFDOO\ PD[LPLVLQJ
ࣦሺߙǡ ߚȁݖఈǡ ݖఉǡ ߑఈሻ ൌ ܿ݋݊ݏݐ − ͳʹሺݖఈ − ݄ሺ߬ߙǡ ߚǡ ݎఉሻݖఉሻ
∗ሺʹߑఈሻ−ଵሺݖఈ − ݄ሺ߬ߙǡ ߚǡ ݎఉሻݖఉሻǤ 
*LYHQ DQ HVWLPDWH RI WKH IRFDO SDUDPHWHUV D VSDWLDOO\ YDULDQW GHFRQYROXWLRQ RSHUDWLRQ FDQ EH SHUIRUPHG DV D VHFRQG VWHS
 )RFDO 3DUDPHWHU 'HWHUPLQDWLRQ 5HVXOWV
5HVXOWV IURP DSSOLFDWLRQ RI WKH 0/ )RFDO 3DUDPHWHU 'HWHUPLQDWLRQ DOJRULWKP WR WKH WKUHH VFHQHV DUH VKRZQ LQ ILJ  )LJ
D VKRZV VRPH JURXQG WUXWK PHDVXUHPHQWV RI WKH 36) EOXU UDGLXV DV D IXQFWLRQ RI = GLVWDQFH IURP WKH UDQJH LPDJHU
PHDVXUHPHQWV DW I DQG I ZHUH FRPELQHG LQ RUGHU WR HVWLPDWH WKH GLIIHUHQWLDO EOXU ZKLFK LV XVHG DV D UHIHUHQFH LQ HDFK
RI WKH IROORZLQJ JUDSKV )LJ E VKRZV KRZ WKH ')' UHVXOWV FRPSDUH WR WKH DFWXDO GLIIHUHQWLDO EOXU DQG WKH UHVXOWV RI 0/
IRFDO SDUDPHWHU GHWHUPLQDWLRQ ,Q WKLV FDVH ERWK ')' PHWKRGV VXIIHU IURP QRLVH LVVXHV ± DOWKRXJK WKH UDQJH LQIRUPDWLRQ
LV FRUUXSWHG VOLJKWO\ E\ UDQJHLQWHQVLW\ FRXSOLQJ HDFK GLVFUHWH REMHFW VKRXOG VWLOO KDYH D FRQVLVWHQW EOXU OHYHO ZKLFK WKH\
GR QRW %RWK PHWKRGV GR DSSHDU WR LGHQWLI\ URXJKO\ WKH FRUUHFW LQIRFXV UDQJH 7KH 0/ HVWLPDWH RI IRFDO SDUDPHWHUV YHU\
FORVHO\ PDWFKHV WKH VDPSOHG GLIIHUHQWLDO EOXUULQJ )LJ F FRQWDLQV WKH UHVXOWV IURP 6FHQH % 7KH JUDSK VKRZV KRZ ܰ
DIIHFWV WKH TXDOLW\ RI EOXU HVWLPDWHV IURP 6XEEDUDR¶V DOJRULWKP LQ WKH ܰ ൌ ͳ FDVH WKH EOXU HVWLPDWHV DUH YHU\ FORVH WR WKH
DFWXDO GLIIHUHQWLDO EOXUULQJ HYHU\ZKHUH H[FHSW IRU WKH IHDWXUHOHVV WDEOH UHJLRQ 6FHQH & UHVXOWV LQ DQ LQWHUHVWLQJ SUREOHPZLWK
WKH 6XEEDUDR DOJRULWKP ILJ G VKRZV WKDW WKH EOXU HVWLPDWHV DSSHDU WR EH RIIVHW E\  SL[HOV IURP WKH FRUUHFW YDOXHV 7KH
0/ IRFDO SDUDPHWHU GHWHUPLQDWLRQ DOJRULWKP ZKLOH QRW SURGXFLQJ LQRUGLQDWHO\ IDOVH UHVXOWV KDV PLVHVWLPDWHG WKH LQIRFXV
GLVWDQFH E\ ׽ ͵Ͳ FP
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D 'HFRQYROYHG E 6XEUHJLRQ I F 'HFRQYROYHG VXEUHJLRQ
)LJXUH  6FHQH $ GHFRQYROYHG WRWDO LQWHJUDWHG LQWHQVLW\ LPDJH
D 'HFRQYROYHG E 6XEUHJLRQ I F 'HFRQYROYHG VXEUHJLRQ
)LJXUH  6FHQH % GHFRQYROYHG WRWDO LQWHJUDWHG LQWHQVLW\ LPDJH
 '(&2192/87,21 2) /,'$5 ,0$*(6
 7KHRU\
'HFRQYROXWLRQ ZDV SHUIRUPHG E\ D VSDWLDO GHULYDWLYH UHJXODULVHG YDULDQW /DQGZHEHU DOJRULWKP 7KH /DQGZHEHU DOJR
ULWKP LV DQ LWHUDWLYH 0D[LPXP /LNHOLKRRG DOJRULWKP LQ WKH FDVH RI DGGLWLYH *DXVVLDQ QRLVH DOWKRXJK LW FDQ EH DSSOLHG WR
RWKHU QRLVH GLVWULEXWLRQV (DFK LWHUDWLRQ LV GHILQHG E\
ෝݕ௜ ൌෟݕ௜−ଵ ൅ ߞሺ݄
்ሺߙǡ ߚǡ ݎఉሻሺݖఉ − ݄ሺߙǡ ߚǡ ݎఉሻෟݕ௜−ଵሻ− ߣܮෟݕ௜−ଵሻǡ 
ZKHUH ෝݕ௜ LV WKH ݅WK HVWLPDWH RI WKH GHFRQYROYHG GDWD ߞ LV JDLQ ܮ LV D /DSODFLDQ ILOWHU DQG ߣ LV D UHJXODULVDWLRQ SDUDPHWHU
:H LPSOHPHQW WKH VSDWLDOO\ YDULDQW FRQYROXWLRQ E\ JHQHUDWLQJ SLOOER[ EOXU PRGHOV DW EOXU UDGLL LQWHUYDOV RI RQHWKLUG RI
D 3KDVH OLPLWHG '2) I E 'HFRQYROYHG SKDVH IURP I F 5HIHUHQFH SKDVH I
)LJXUH  6FHQH & SKDVH RI GHFRQYROYHG FRPSOH[ GRPDLQ UDQJH LPDJH VXEUHJLRQ
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D SL[HO DQG PRGHOOLQJ LQWHUPHGLDWH EOXU UDGLL E\ OLQHDU LQWHUSRODWLRQ 7KLV OHDGV WR HIILFLHQW FRPSXWDWLRQ DOWKRXJK OLQHDU
LQWHUSRODWLRQ LV PRUH VXLWHG WR VPRRWK IXQFWLRQV 7KH WUDQVSRVH RI WKH VSDWLDOO\ YDULDQW FRQYROXWLRQ PDWUL[ ்݄ሺߙǡ ߚǡ ݎ∅ሻ
FRUUHVSRQGV WR D VSDWLDOO\ YDULDQW FRUUHODWLRQ RSHUDWLRQ ZKLFK FDQ EH LPSOHPHQWHG LQ D VLPLODU PDQQHU WR WKH VSDWLDOO\ YDULDQW
FRQYROXWLRQ $ JRRG RYHUYLHZ RI WKH LPSOHPHQWDWLRQ RI VSDWLDOO\ YDULDQW FRQYROXWLRQV LV SURYLGHG E\ 8QIRUWXQDWHO\ WKH
ILQLWH VL]H RI WKH LPDJH LQWHQVLILHU FURSV WKH LPDJHV UHVXOWLQJ LQ HGJH HIIHFWV LQ GHFRQYROYHG LPDJHV
 5HVXOWV
)LJV  DQG  VKRZ WKH UHVXOWDQW GHFRQYROYHG WRWDO LQWHJUDWHG LQWHQVLW\ LPDJHV IURP VFHQHV $ DQG % UHVSHFWLYHO\ 8VLQJ
WRWDO LQWHJUDWHG LQWHQVLW\ LPDJHV LQVWHDG RI DPSOLWXGH DOORZV XV WR DYRLG DQ\ FRQIRXQGLQJ HIIHFWV RI SKDVH LQ WKH FRPSOH[
GRPDLQ 7KHUH LV DQ LPSURYHPHQW LQ GHSWK RI ILHOG EXW ZLWK D GLIILFXOW WUDGHRII EHWZHHQ UHFRYHULQJ GHWDLO DQG QRLVH
DPSOLILFDWLRQ 7KH KLJK OHYHO RI JDPPD FRPSUHVVLRQ LQ ILJ D VKRZV VLJQLILFDQW DUWHIDFWV LQ UHJLRQV ZKHUH WKH EOXU VFDOH
KDV EHHQ PLVLGHQWLILHG GXH WR PL[HG SL[HOV )RU H[DPSOH WKHUH LV D UHJLRQ RQ WKH IDU ULJKW DERYH WKH YHU\ EULJKW GHIRFXVVHG
REMHFW ZKHUH VHYHUH EOXU PLVHVWLPDWLRQ GXH WR PL[HG SL[HOV KDV UHVXOWHG LQ LUUHJXODU ZDYH SDWWHUQV
)LJ  VKRZV WKH UHVXOWV IURP DWWHPSWLQJ WR GHFRQYROYH D FRPSOH[ GRPDLQ UDQJH LPDJH $Q LPDJH WDNHQ DW I ILJ
D LV KLJKO\ EOXUUHG GXH WR OLPLWHG GHSWK RI ILHOG ± WKXV IRUPLQJ D ODUJH EDQG RI PL[HG SL[HOV DURXQG WKH HGJH RI HDFK
REMHFW HDFK PL[HG SL[HO EHLQJ DQ HUURQHRXV UDQJH PHDVXUHPHQW 'HFRQYROXWLRQ UHGXFHV WKH VL]H RI WKH UHJLRQV FRQWDLQLQJ
PL[HG SL[HOV ILJ E KRZHYHU LW DOVR UHVXOWV LQ ULQJLQJ ± FRQWULEXWHG WR E\ WKH KLJKO\ EDQGOLPLWHG QDWXUH RI ODUJH SLOOER[
36)V *LEEV RVFLOODWLRQV $ FRPSDULVRQ LPDJH DW I LV JLYHQ LQ ILJ F :KLOH WKHUH LV VRPH 36) PLVHVWLPDWLRQ
VLPLODU ULQJLQJ RFFXUV LI VLPXODWHG LVRSODQDWLF GDWD ZLWK D KDUG GLVFRQWLQXLW\ LV JHQHUDWHG DQG GHFRQYROYHG ZLWK WKH FRUUHFW
36) 'HVLJQLQJ D JRRG GHFRQYROXWLRQ DOJRULWKP LQYROYHV GHWHUPLQLQJ KRZ WR V\QWKHVLVH WKHVH PLVVLQJ IUHTXHQFLHV ZLWKRXW
ZKLFK WKH LPDJH FDQQRW EH SURSHUO\ UHVWRUHG 7KHVH RVFLOODWLRQV DUH YHU\ SUREOHPDWLF EHFDXVH WKH LPDJH LV LQ WKH FRPSOH[
GRPDLQ LW FRQWDLQV ERWK DPSOLWXGH DQG UDQJH LQIRUPDWLRQ 7KH UDQJH LQIRUPDWLRQ LV EHVW UHJXODULVHG WR HQVXUH VKDUSHU
HGJHV EXW OHVV GHWDLO \HW DW WKH VDPH WLPH ZH QHHG WR UHWDLQ DQG LPSURYH WKH KLJKO\ WH[WXUHG DPSOLWXGH LQIRUPDWLRQ 7KLV
VXJJHVWV WKDW LW PD\ EH QHFHVVDU\ WR GHYHORS D PRUH DGYDQFHG UHJXODULVDWLRQ WHFKQLTXH IRU H[DPSOH RQH WKDW FRPELQHV
+DUU ZDYHOHW EDVHG UHJXODULVDWLRQ LQ WKH SKDVHUDQJH GRPDLQ DQG VSDWLDO GHULYDWLYH UHJXODULVDWLRQ LQ WKH DPSOLWXGH GRPDLQ
:H OHDYH WKLV WR IXWXUH ZRUN
$SDUW IURP WKH UHJXODULVDWLRQ WUDGHRII WKH ELJJHVW SUREOHP ZLWK WKH FXUUHQW DOJRULWKP LV PL[HG SL[HOV 5DQJHLQWHQVLW\
FRXSOLQJ GXH WR VFDWWHUHG OLJKW LQWURGXFHV QRQH[LVWHQW GLVFRQWLQXLWLHV LQ EOXU HVWLPDWHV IRU SDWWHUQHG VXUIDFHV DQG LQ GDUN
UHJLRQV FDQ UHVXOW LQ FRPSOHWHO\ HUURQHRXV EOXU HVWLPDWHV GXH WR ZUDSDURXQG HIIHFWV (GJH LQGXFHG PL[HG SL[HOV FDXVH
VLPLODU SUREOHPV DOWKRXJK DUH PRUH SUHGLFWDEOH ± UHVXOWLQJ LQ DUWHIDFWV DURXQG WKH HGJHV RI REMHFWV )XQGDPHQWDOO\ WKHUH
LV QR VLPSOH VROXWLRQ WR WKLV SUREOHP EHFDXVH HDFK LQGLYLGXDO SL[HO FDQ FRQWDLQ PXOWLSOH FRPSRQHQW VLJQDO UHWXUQV HDFK
ZLWK D GLIIHUHQW UDQJH DQG WKXV VXEMHFW WR D GLIIHUHQW DPRXQW RI EOXU
 &21&/86,21
:H KDYH SUHVHQWHG D QHZ PHWKRG IRU SDUDPHWULF VSDWLDOO\ YDULDQW EOLQG GHFRQYROXWLRQ RI IXOOILHOG OLGDU LPDJH SDLUV WDNHQ
DW GLIIHUHQW DSHUWXUH VHWWLQJV 7KH PHWKRG DOORZV HVWLPDWLRQ RI IRFDO SDUDPHWHUV ZLWKRXW SULRU FDOLEUDWLRQ RI WKH RSWLFDO
VHWXS DQG SURGXFHV EOXU HVWLPDWHV ZKLFK KDYH EHWWHU VSDWLDO UHVROXWLRQ DQG OHVV QRLVH WKDQ SUHYLRXV GHSWK IURP GHIRFXV EOXU
PHDVXUHPHQW DOJRULWKPV XQGHU PRVW FLUFXPVWDQFHV 7KH HVWLPDWHG IRFDO SDUDPHWHUV ZHUH DSSOLHG WR GHFRQYROXWLRQ RI WRWDO
LQWHJUDWHG LQWHQVLW\ LPDJHV LPSURYLQJ GHSWK RI ILHOG $SSOLFDWLRQ WR FRPSOH[ GRPDLQ LPDJHV RI PXOWLSOH REMHFWV UHTXLUHV
WKH GHYHORSPHQW RI PRUH DSSURSULDWH UHJXODULVDWLRQ PHWKRGV GXH WR WKH WUDGHRII EHWZHHQ GLIIHUHQW OHYHOV RI DPSOLWXGH DQG
UDQJH WH[WXUH LQ WKH VDPH LPDJH 7KHUH UHPDLQ LVVXHV ZLWK FRUUHFW 36) GHWHUPLQDWLRQ HVSHFLDOO\ DURXQG WKH HGJHV RI REMHFWV
DQG LQ UHJLRQV DIIHFWHG E\ UDQJHLQWHQVLW\ FRXSOLQJ
$&.12:/('*0(176
- 3 *RGED] DFNQRZOHGJHV WKH VXSSRUW RI D 7HUWLDU\ (GXFDWLRQ &RPPLVVLRQ 7RS $FKLHYHU 'RFWRUDO 6FKRODUVKLS 7KLV
UHVHDUFK LV VXSSRUWHG E\ WKH 8QLYHUVLW\ RI :DLNDWR 6WUDWHJLF ,QYHVWPHQW )XQG
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5()(5(1&(6
>@ %ODLV ) ³5HYLHZ RI  \HDUV RI UDQJH VHQVRU GHYHORSPHQW´ 9LGHRPHWULFV 9,, 3URF 63,( YRO   
>@ *RNWXUN 6 <DOFLQ + DQG %DPML & ³$ WLPHRIIOLJKW GHSWK VHQVRU ± V\VWHP GHVFULSWLRQ LVVXHV DQG VROXWLRQV´
3URF &RPSXWHU 9LVLRQ DQG 3DWWHUQ 5HFRJQLWLRQ :RUNVKRS   ± 
>@ 5LQJEHFN 7 DQG+DJHEHXNHU % ³$ ' WLPH RI IOLJKW FDPHUD IRU REMHFW GHWHFWLRQ´ 3URF RI 2SWLFDO '0HDVXUHPHQW
7HFKQLTXHV 
>@ 'RUULQJWRQ $ $ &UHH 0 - 3D\QH $ ' &RQUR\ 50 DQG &DUQHJLH ' $ ³$FKLHYLQJ VXEPLOOLPHWUH SUHFLVLRQ
ZLWK D VROLGVWDWH IXOOILHOG KHWHURG\QLQJ UDQJH LPDJLQJ FDPHUD´ 0HDV 6FL DQG 7HFK  ± 
>@ +HEHUW 0 DQG .URWNRY ( ³' PHDVXUHPHQWV IURP LPDJLQJ ODVHU UDGDUV +RZ JRRG DUH WKH\"´ ,9&  ±

>@ $GDPV 0 ' DQG 3UREHUW 3 - ³7KH LQWHUSUHWDWLRQ RI SKDVH DQG LQWHQVLW\ GDWD IRU $0&: OLJKW GHWHFWLRQ VHQVRUV
IRU UHOLDEOH UDQJLQJ´ ,QW - 5RE 5HV  ± 
>@ *RGED] - 3 &UHH 0 - DQG 'RUULQJWRQ $ $ ³8QGXH LQIOXHQFH 0LWLJDWLQJ UDQJHLQWHQVLW\ FRXSOLQJ LQ $0&:
µIODVK¶ OLGDU XVLQJ VFHQH WH[WXUH´ 3URF ,9&1=  
>@ /DUNLQV 5 / &UHH 0 - 'RUULQJWRQ $ $ DQG *RGED] - 3 ³6XUIDFH SURMHFWLRQ IRU PL[HG SL[HO FRUUHFWLRQ´
3URF ,9&1=  
>@ *RGED] - 3 &UHH 0 - DQG 'RUULQJWRQ $ $ ³0XOWLSOH UHWXUQ VHSDUDWLRQ IRU D IXOOILHOG UDQJHU YLD FRQWLQXRXV
ZDYHIRUP PRGHOOLQJ´ ,PDJH 3URFHVVLQJ 0DFKLQH 9LVLRQ $SSOLFDWLRQV ,, 3URF 63,( YRO  
>@ *RVKWDVE\ $ $ ³)XVLRQ RI PXOWLIRFXV LPDJHV WR PD[LPL]H LPDJH LQIRUPDWLRQ´ 3URF 63,( YRO  
>@ .XQGXU ' DQG +DW]LQDNRV ' ³%OLQG LPDJH GHFRQYROXWLRQ´ ,((( 6LJQDO 3URFHVVLQJ 0DJD]LQH  ±

>@ %RGHQ $ ) 5HGGLQJ ' & +DQLVFK 5 - DQG 0R - ³0DVVLYHO\ SDUDOOHO VSDWLDOO\YDULDQW PD[LPXP OLNHOLKRRG
LPDJH UHVWRUDWLRQ´ 3URF $VWURQRPLFDO 'DWD $QDO\VLV 6RIWZDUH DQG 6\VWHPV 9 ± 
>@ +DUG\ - : >$GDSWLYH 2SWLFV IRU $VWURQRPLFDO 7HOHVFRSHV@ -XO\ 
>@ <XDQ / 6XQ - 4XDQ / DQG + 6 ³,PDJH GHEOXUULQJ ZLWK EOXUUHGQRLV\ LPDJH SDLUV´ 3URF 6,**5$3+

>@ )UDVHU ' /DPEHUW $ -DKURPL 0 5 6 7DKWDOL 0 DQG &O\GH ' ³$QLVRSODQDWLF LPDJH UHVWRUDWLRQ DW $')$´
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